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Synthesis  of  Antenna  Patterns 
With  Null  Constraints 


I.  IM'KODl  CI'ION 

The  problem  of  forming  nulls  in  the  radiation  pattern  of  an  antenna,  tn  order 
to  suppress  interferes  r  from  certain  directions,  presently  receives  must  atten¬ 
tion.  Mi>s»  work  is  in  the  area  of  adaptive  nulling  systems,  as  discussed  by 
Applebaum,  1  where  a  performance  index  such  as  the  signal-noise  ratio  is  maxi¬ 
mized.  [n  the  f  is>-  where  jammers  are  the  dominant,  noise  source,  this  process 
automatically  places  pattern  nulls  in  the  directions  of  the  jammers.  A  seemingly 

V 

different  approach  is  that  >f  Drane-Mcllvenna,  "  where  another  index,  antenna 
gain,  ts  maximized,  subject  to  a  set  of  null  constraints  on  the  pattern.  In  both 
methods  the  performance  ind”X  is  the  quantity  of  prime  interest,  whereas  ‘he 
role  of  the  antenna  pattern  is  not  sufficiently  clear,  which  to  an  antenna  engineer 
is  unsatisfactory. 

The  purpose  of  this  patter  ts  to  show  that  the  problem  can  be  formulated  as  a 
direct  antenna  pattern  synthesis  problem  and  that  exact  expressions  for  the  efforts 
of  the  forced  pattern  nulls,  in  terms  of  oattern  change  and  gain  cost,  can  be 

IHt'i -rived  for  publication  a  January  fill! 

1.  Annlrhaum,  S.  ( Adaptive  arrays,  li'KK  Trans.  Antennas  Propagation 
AP-24j  ,ti  .-Vli. 

Dr, arte,  I  .  and  Mellvenna,  J.  (lf'70)  Gain  maximization  and  controlled  null 
placement  simultaneously  achieved  in  aerial  array  patterns.  The  liadip 
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derived.  The  synthesis  method  is  based  on  Gaussian  or  least -mean -squar  e 
approximation^  which  allows  a  simple  and  very  attractive  geometrical  interpre¬ 
tation  in  a  unitary  space. 

The  relation  of  the  present  approach  to  those  of  signal-noise  ratio  and  gain 

4  5 

optimization,  which  has  been  indicated  ’  '  is  also  discussed. 

2.  FORMULATION  OF  THF  PROIU.F.M 

We  consider  a  situation  where  an  antenna  is  being  illuminated  by  desired 
signals  and  also  by  infinitely  strong  interference  signals  from  certain  discrete 
directions.  The  optimum  antenna  pattern  for  this  case  is  reasonably  defined  as 
the  desired  pattern  in  the  absence  of  the  jammers,  the  so-called  quiescent  pattern, 
suitably  modified  so  as  to  form  pattern  nulls  in  the  interference  directions.  The 
degrees  of  freedom  available  in  the  antenna  pattern  are  thus  used  in  a  first-hand 
way  to  form  the  pattern  nulls,  with  remaining  degrees  of  freedom  being  used  for 
approximation  of  the  quiescent  pattern. 

The  corresponding  antenna  pattern  synthesis  problem  consists  of  determin¬ 
ing  the  closest  approximation  p  to  a  given  quiescent  pattern  p  subject  to  a  set 
of  null  constraints.  The  solution  of  this  problem  requires  a  definition  of 
"distance"  between  two  patterns;  this  will  be  defined  in  Gauss'  sense  ns  the  mean 
square  difference  between  the  patterns.  This  particular  metric  provides  an 
overall  measure  of  approximation  and,  in  contrast  to  (for  instance)  Ghebyshev 
approximation,  gives  no  bound  on  the  maximum  deviation  from  the  desired  function 
at  any  particular  point.  However,  it  is  the  only  metric  that  allows  the  approxi¬ 
mation  problem  to  be  solved  with  any  sense  of  generality. 

The  general  antenna  with  N  degrees  of  freedom  is  discussed  in  Appendix  A. 
Here  for  simplicity  we  consider  a  linear  array  of  N  isotropic  antenna  elements 
with  uniform  half-wavelength  spacing.  Setting  u  sin  0  (see  figure  1),  the  antenna 
far-field  pattern  is  described  by  the  array  factor 
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Figure  1.  The  Array  Antenna,  Its  Aperture  and 
Far  Field 


N 

P<u)  =  I  xn  e'1*™  (I) 

1 

where  x  denotes  the  complex  excitation  of  the  nth  arrav  element.  The  synthesis 
problem  can  now  be  stated  mathematically:  Find  the  pattern  p  (u),  such  that  the 
mean-square  difference 

j  '  2 

e(p  )  —  |  !  p  <u)  -  p  (ul 1  du  minimum 

a  >  J  o  a 

-1 


(2a) 


A 


subject  to  the  constraints 

p  (u  )  0  m  1 .  M  <-> 

1  a  rn 

ivhorp  lu  i  )1  denotes  the  angular  location  of  the  M  interference  sources, 
n.  1 

We  assume  that  the  desired  quiescent  pattern  is  given  as  a  sum  of  N  har¬ 
monics  as  renresented  hv  Met.  (1).  For  the  general  case  where  p  'u)  lias  am 
’  o 

functional  form,  p  may  he  simply  approximated  by  the  first  \  terms  of  its 
Fourier-series  expansion.  Although  the  synthesis  procedure  then  involves  two 
subsequent  approximations,  it  is  easily  shown  to  lead  to  the  correct  h  ast  -mean- 
square  approximation  of  th  ■  initial  pattern.  We  also  assume  that:  the  null  i  ou¬ 
st  mints  m  Fq.  (2b)  are  linearly  independent,  as  defined  in  the  next  section. 


i.  MKTIIOI)  OK  SOI. I  Tl()\ 


The  synthesis  prohletn  posed  above  is  most  conveniently  described  in  a 
unitary  spare,  which  allows  for  a  clear  interpr  etation  of  the  approximations 
tnvoh  i-d. 

To  describe  the  array  pattern  we  introduce  an  N-dimensional  complex  pattern 

space  P,  spanned  by  basis  functions  {c  1  ,UT^.  The  inner  product  of  two  patterns 

p  and  q  we  define  as  (p,  q)  (12)  /  p(u)q(u)*du,  with  the  asterisk  denoting  com- 

P  J  1/2 

plex  conjugate,  and  for  the  norm  of  p  we  use  ip  ,  (p,  p)  '  Fnder  this  inner 

product  the  basts  functions  are  orthonornial. 

Similarly,  we  introduce  an  N-dirnensional  excitation  space  X  in  which  an 
array  excitation  with  coefficients  {xnj*^  is  represented  by  a  corresponding  excita¬ 
tion  vector  x  (x,,  x„,  ....  x.,).  The  inner  product  wc  define  as  (x,  v)  ■  Ex  v  * 

_  1  J  i  ’■)  N  n-  n 

and  the  norm  Hxli  (x,  x) 

The  spaces  FJ  and  X  are  related  by  a  one-to-one  mapping,  the  explicit  form  of 
which  is  given  by  Fq.  (1).  Furthermore,  as  a  consequence  of  our  choice  for  the 
inner'  products 


(p,  q)  (x  ,  x  ) 
p  p'  q 


CD 


with  x  and  x()  denoting  the  excitations  of  p  and  q  respectively,  and  hence 


tp  -  q  'i  ix  -  x  H 

P  p  q 


(4) 


t>.  Steyskal,  fi.  (1070)  ( )n  antenna  power  pattern  synthesis,  1 F  K F  T cans. 
Antennas  Propagation  AP-1 8:122 -124. 
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A... 


Kquun-n  (4)  :s  ;in  i  m  n<  ■  >t  ;mt  rrlaiidi  «  H-siiiL1  Hu-  fuel  that,  with  <,ur  na-trir-, 

liu  }:stati<-«‘  iM'asui  *  *f :  lx  t  a  •  *c»n  tw*»  {mints  m  pattern  str-.c  is  th«*  sa?:a  as  !!.*• 
distance  mcasuri'd  hHwccn  ‘he  cot’ »,«*S(»ond inu  points  in  «*xritation  sDac,  Thu.  a 
U*ast -moan -squa  !*♦■  match  of  a  dcsircfi  qui«*s«*<*nt  pattern  p  is  Tantai:  tunl  to  a 
Ixasi  -!!!i,a!!-S(jii:n,<‘  rnatrh  of  tin*  quiosr<  nt  natlcrn  p  is  tantamount  a  l«*ast- 
rm-an-squan-  mn’oh  nf  the  quii’Sccnt  array  excitation  \  . 

i-mally  \,\«*  define  in  excitation  space  a  set  of  const  mint  vectors  { >7  J1  *  by 

i  *u_  1 12  -u  ^  i  N  *  u 

\  (e  "  f  e  1  v  1‘  )  (  ">) 


which  w e  assume  to  be  linearly  independent  in  accordance  with  the  similar 
assumption  about  the  pattern  nulls  earlier.  In  pattern  space  each  constraint 
vector  corresponds  to  a  pattern 


l  7TU 


%1(u> 


m  -iffu 


i2mi 


+  e 


m  -i2*u  , 
e  + 


i  \  7TU 

m 


-iN'ffu 

e 


sin  (\ff(u  -  uni)/2|  -i>r(N+  l)(u-u  )  '2 

sin  [ tt(u  -  u  )/2| 


J  ot'  large  ,\  the  amplitudes  of  these  beams  have  the  familiar  behavior  of  a  sinr- 
function  centered  at  u  ;  u  ,  resulting  from  the  constant  amplitude-linear  phase 
excitation  represented  by  the  constraint  vectors. 

Applying  these  definitions  to  Eqs.  (2a)  and  (2b)  results  in  the  former  equation 
being  formulated  in  pattern  space  and  the  latter  being  formulated  in  excitation 
space,  but  by  Eq.  (4)  they  are  readily  translated  from  one  space  to  the  other. 
Choosing  to  work  in  excitation  space  we  obtain 


—  —  2 

1 1  x  -  x  i1 
o  a 


(x  ,  y  )  -  0  m  1,  ....  M 

a  m  ’ 


(7a) 

(7b) 


where  x ^  and  x  denote  the  excitation  of  the  quiescent  and  the  constrained  pattern, 
respectively. 

Here  we  note  that  in  the  same  way  as  the  condition  of  a  pattern  null,  the  con¬ 
dition  of  a  null  in  the  pattern  derivative  (of  any  order)  is  readily  expressed  by  a 
constraint  vector  and  included  in  Eq.  (7).  Setting  the-  first  derivative  equal  to  zero 


1  1 


A 


locates  a  sidelobe  at  that  particular  point;  sotting  tho  pattern  and  its  derivative 
equal  to  zero  at  the  same  point  broadens  the  pattern  null.  ‘ 

Equation  17)  shows  that  the  desired  solution  x  is  orthogonal  f(,  the  constraint 

—  M  a 

vectors  {y  |  j  .  A  geometrical  interpretation  of  this  relation  is  obtained  if  the 

space  X  is  divided  into  an  M-dimensional  subspace  Y,  spanned  by  the  vectors 

( y ,  )',  and  its  (N -M) -dimens’onal  orthogonal  complement  Ar.v  vector  x"  no1.'. 

t!l  1  o 

has  a  unique  deeompos M  ion 


'here  y  f  N  ,  /.  c  /.,  z;Y,  and  due  to  this  orthogof.alit'. 


<:•) 


I  s  1 1 1  j  this  dei'ontpos  it  i.  >n  for  x  and  x  a  e  get  <Yor,  Eqs.  fit.  (pi  ..q  (0) 


i  10: 


<Xa’ ' m*  <>'a’vm)  0  1 . -'I  . 


t  iUb) 


Equation  (10b)  yields 


v  =  0 

a 


Cl) 


and  therefore  e  in  Eq.  (10a)  is  minimized  hv  setting  7  v  leading 

a 


(12) 


and 


e  tn  in 


:'x 


(17) 


Equations  (12)  and  (13)  constitute  the  solution  to  the  nosed  problem. 

The  method  of  solution  is  illustrated  in  f  igure  2.  Tin-  vector  \  ,  which  is  0 
be  approximated,  has  the  projections  T  and  ~  in  subsnaees  Y  and  /. 

7.  Kwok,  l\  and  Brandon,  id  (Bdltl)  Maximization  of  signal  noise  rati.  -rt  . . . 

with  broadened  zero,  Electronics  l.etters  1  ti( \o.  2): hO- 73. 

a.  Gantmaeher,  1.  (19:V>)  The  Theorv  of  Mat  rices 
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Figure  2.  Geometrical  Illustration  of  the  Approximation  Problem: 
Desired  Point  x().  Closest  Approximation  Confined  to  Subs pare 
/  is  x  7 


Equation  (10b)  implies  that  the  approximation  x,  is  orthogonal  to  the  vector  set 

M  „ .  a 

{y  }‘j  which  spans  V,  and  therefore  x.(  is  confined  to  the  subspace  /..  I  nder 

these  circumstances  the  best  approximation  to  x  is  obtained  bv  setting  x  ~ 

o  a  o' 

since  of  all  elements  ~  e  this  point  is  closest  to  x  . 

o 

The  antenna  pattern  corresponding  to  this  solution  will  be  discussed  in 
Sections  5  and  (I. 


1.  COMPARISON  WITH  OTHER  METHODS 


In  this  section  w c  intend  to  show  that  the  present  method  oT  pattern  synthesis 

2 

is  related  to  the  methods  of  constrained  gain  maximization  by  Drane- jVlcIlvcnna 

and  signal-noise  ratio  maximization  by  Applebaum.  * 

2 

Following  Drane-IUcllvenna“  we  seek  the  maximum  of  the  antenna  directivity 
f>  in  the  "look"  dirertii  n  u. 


Ctfll,  )  ~ 


2lp(u()12 


pill)  -  flu 


suhicct  !n  thi'  i  oust  mints 


n(lt  I  0  m  1,  .  .  .  ,  M 

■  in 


(14b) 


Will'll  these  equat ii ins  lire  transformed  into  excitation  space  they  become 

Ux,7();- 

G  ( u  f )  - — — — —  max.  (lm) 

x  I- 

and,  compare  with  l.qs.  (■  )  and  (7b>, 


(x,  v  j)  ...  (x,  v  0 


(lab) 


where  the  vector 


iff u,  :  Jffu  i  \  ffu 

X.  (e  *  ,  e  . e  )  .  (1") 

As  before  we  divide  excitation  space  X  into  subspace  V,  spanned  by  the  constraint 
vectors  {v  |j  and  its  orthogonal  complement  Z,  and  then  decompose  the  vector 
ic  into  its  projections,  leading  in 

x  y  ~  ,  ye  V,  ~.e  /.  .  (17a),  (17b) 

In  view  of  Kq.  (17b)  we  have  v  =  0,  which  upon  substitution  in  Kq.  (17a)  gives 


G(uf) 


U,  7, 


iizn2 


max. 


(18) 


Since  z  Hz  i  is  a  vector  of  unit  magnitude,  clearly  G  attains  its  maximum  when  z 
is  parallel  to  z"  .  The  sought  excitation  vector  thus  is 


x  XZ(  X(xf  -  yf ) 


(19) 


where  iV  is  a  proportionality  constant. 

In  order  to  compart-  the  solution  for  maximum  gninlKq.  (1P)|  with  (he  solu¬ 
tion  of  pattern  synthesis  [Kq.  (12)1,  we  must  specify  the  excitation  for  the  desired 
quiescent  pattern  ]7  .  As  is  well  known  for  the  unconstrained  case,  the  desired 
excitation  x  ^  for  maximum  gain  in  the  direction  uf  is  given  bv 


14 


(20) 


:  ^u.  i  2? T  t< ,  i  \  'Tu, 

X  (.'  \  r  \  ....  e  > 

l  > 

Comparing  this  with  Kq.  (18)  we  find  (hid  indeed  x(  and  the  identity  <.f  die 

two  solutions  is  established. 

\\e  note  that  the  pattern  synthesis  method  and  the  ttain  maximization  method 
lead  to  the  same  solution  if  in  Kq.  (Isa)  we  generalize  x  to  he  any  desired  votm 
x  —which  nmv  or  may  not  eoineide  with  xf  as  given  (>v  l.'q.  (Id).  In  the  latter 
ease,  however,  strictly  speaking  we  are  no  longer  optimizing  gain. 

Next  we  consider  Applebaum's  approach  in  which  we  seek  a  .set  of  array 
element  weights,  denoted  by  the  row  vector  vi  -  (w,,  ....  w  .)  that  maximizes 
the  generalized  signal-noise  ratio 

l%\  1  (w,T*)| 2  _  (21) 

)  (w*M,  w*) 

Here  t  is  the  desired  quiescent  signal  vector  and  M  the  noise  .  ovtirianec  matrix. 
The  latter  consists  of  two  parts: 

M  M  +  M.  (22) 

o  ;t 


where  represents  the  quiescent  environment  (receiver  noise  only)  and  IU. 
represents  the  statistically  independent,  external  interference  sources  (jammers). 

Kor  the  present  comparison  with  pattern  synthesis  we  can  assume  all  array  ele- 

|  ;  > 

ments  to  contribute  uncorrelated  noise  of  equal  power  i  V  which  leads  to 


where  [  is  the  identity  matrix. 

The  matrix  IU.  is  derived  as  per  Applebaum.  *  Assuming  M  jammers  located 

.1  M 

in  the  directions  )um  ,  the  total  interference  signal  at  the  kth  element  is 


v 


k 


IU 

I  Vr 
1 


ikm 

m 


(24) 


where  V  denotes  the  complex  amplitude  of  the  individual  jammer.  The  terms 

u,  ,  of  the  matrix  IU.  are  given  bv 
k(  J 


1 


where  K  denote.,  oxpoc'o-i  \';i  1  u* 
statistically  independoin , 


k( 


M 

7  V  ' 
t-1  m 

[li  1 


-1  "<K -I  tv, 


A  pleasant  consequence  of  Kq.  ( — 1  >  1  is  that  i\h  can  lie  a  ritten  as  the  sun  of  tin 
covariance  matrices  of  tin*  individual  jammers  and  therefore 


M. 


iU 

I  |V  |2  M 

1  m 1  i 
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111'  HI. 


(27) 


with 
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Jin 


/ 

/  1 


-t  ttu 


i  m 


i  Jt(\-l)u  . 


(2H) 


-i»(N-l)u  . 


1  / 


Substitution  of  Eqs.  (23)  and  (27)  in  Kq.  (21)  yields 


(I) 


!  (w,  t*)  |  ■ 


<w*[|Vo|2  +  |v,|2M  ,  t  ...  >  lvm|2M)m].w*) 


(29) 


In  the  limit  of  infinitely  strong  jammers,  a  necessary  condition  for  a  non¬ 
trivial  result  is 


(w*IU .  ,  w  *)  0  m  1,  ....  M 

,im 


(30) 


.t 

jm  '  '  111 

where  y  is  given  by  Kq.  (<i)  and  j  denotes  the  complex  conjugate  transpose,  it 


Noting  that  M.  can  he  rewritten  as  the  outer  product  of  the  vectors  y^  and  y^. 


m 


is  easily  shown  that  Kq.  (30)  is  equivalent  ti 


In 


in  1 


M 


HI) 


A. 


(u  *  v  )  0 

■  in 


Summarizing  Kqs.  (2!1),  (dip.  and  (HI)  we  thus  arrive  at  tin  pt  ■  t<.  seek 


mcixiimnn 


<  12a) 


-nil'll  i  t  t.i  tin  ■  i  .  nst  mints 


(  v  v  )  0  rn  1 .  M  .  i  i 2I'I 

Kquai  i<>n  (22*  us  identical  to  Drann-Mr  llvt-nna’s"  genet  a  It /•■!  m  .  .Idem  dis>  listed 
al»’vr,  since  t  x  ,  the  desired.  quiescent  an  ay  excitation,  and  ~  \  m  vir.t  ,f 

'hr  phase  e<  -niiignev  between  a  weight  (list  rilmt  inti  in  the  receive  r : ■  ■  ••  I.  and  an 
aperture  dust  n  but  inti  in  the  transmit  modi  .  Thus  the  solution  ,s  tin  saitu  as  tl-.at 
obtained  bv  the  i  unstrained  nattern  svnthesis  method. 

A  more  recent  approach  considers  a  genera I i/ed  form  ■!'  ait  initial  l.q.  (2) 
where  the  right-hand  side  of  Kq.  (2b)  may  have  any  desired  value  (not  tin  essnriU 
/.<  ru).  llie  pattern  pin),  which  minimizes  received  noise  power  and  stmultaneoUsK 
maintains  a  fixed  value  at  a  desired  look  direction  u(  ,  is  determined  as  a  solution; 
that  is,  p(u)  is  solved  from 


( 


J  N(  ((u) '  p<u)  I  “  du 
p(uf)  1 


minimum 


CU'I) 


where  N  (u)  is  the  known  angular  noise  power  distribution.  Neither  in  this  ease 
are  the  properties  of  the  resulting  antenna  pattern  known. 

We  have  thus  shown  th  it  the  published  methods^’  can  he  manipulated  to 
vield  the  same  result  as  our  pattern  synthesis  method,  Concept  tonallv,  however 
the  latter  method  may  he  more  appealing  since  it  is  a  more  direct  approach  and 
provides  valuable  insight. 


Mum,  It. A.,  lufts,  1).,  and  l.ewis,  J.  (1!)7(>)  C  onstrained  least -squares 
synthesis  of  coefficients  for  arrays  of  sensors  and  1-IH  digital  filters, 
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5.  THK  NTIIKSI/KI)  PVITkKN 

Returning  to  the  Si » I m  1 1 ii i  x  ‘*  >1  th»  «  < »nst  r  :t i !i«  <i  •  'X '  itait«>n,  giv«n  l»v  }.<; 
(12),  we  note  Unit  the  \  «•*  ! .  .j  \  ;■  ( mt-.-i  i  >  > un i  ’  ?i;ii  ii  -n  •■'tin-  v* •«  t » •  f  % , ,  , 

therefore  X*  m:iv  he  a  i  ili'-n  :?s 


X  -  Y  I,  V 
.  >  in  i! 


The  unknown  roeffieients  t>  ma\  he  ri« *i »  im nifd  from  l.u.  (I0h),  whi<  ii  lemis  f» 

p 

the  following  system  of  equations: 


( v  , ,  x  ) 

'  i  O 


V  ('rV  •  •  •  'V'.m’X  /■■! 


(\ \  j ) 


\l  ; 

l  i  . 


2VWX..>/  \  V  M’  v  1  ^  (VV  \"N 


Applyng  (  laincr's  r  ulc  t < .  solve  foi  and  substituting  !>;h  k  m  la).  (d4>  yields 


x  x  -  —  Z  I  >  v 
a  i »  ( ;  hi  ii 


wherp  the  Gram  determinant  G  G(v, . v„.)  is  the  determinant  of  the  eoef- 

1  «  M 

firtent  matrix  tn  hq.  (.1  i>  (see  Gantmarhrr  >  and  I)  is  the  determinant  of  the 

m 

same  coefficient  matrix  with  the  tilth  column  replaced  bv  the  column  vector 
«V.,x  1,  (y„,  x  ) . <v,„x  )). 

1  o'  J  i'  o  ’  ’  M’  o 

Kquation  (3ti)  expresses  the  optimum  excitation  5T  as  the  quiescent  excitation 
X(i  minus  a  weighted  sum  . > r  the  constraint  vectors  v  (constant  amplitude-linear 
phase  exc  itations).  The  pattern  p  <u)  corresponding  to  the  exc  itation  x" ^  is  immed 
iately  obtained,  using  Kqs.  (1)  and  (<> ),  as 


p  (u)  p  <u)  -  —  V  1)  q  < 

a  '  <■  ( ;  in  'm 


and  thus  the  solution  to  out-  initial  problem  l.'q.  (2)  is  seen  to  consist  of  the  de¬ 
sired  quiescent  pattern  and  M  superimposed  sine -beams.  This  result  agrees 
with  the  known  ease  of  a  single  interference  source.  * 

The  cancellation  beams  |q(,  (u) represent  M  degrees  of  freedom  and  elearlv 
it  must  he  possible  to  realize  M  pattern  nulls  with  these.  However,  it  is  note¬ 
worthy  that  each  of  these  beams  is  determined  solely  bv  the  direction  of  the  corre¬ 
sponding  i nt r  ferenee  source.  Thus  with  the  appearance  of  a  new  jammer  ,ni\  the 
amplitudes  hut  not  the  directions  of  the  beams  need  to  he  changed  (apart  from  the 
requirement  of  a  mot  beam).  I  or  an  adaptive  nulling  system  this  may  possibly 
lead  ti  a  faster  convergence  rate  in  pattern  spare  than  in  excitation  space. 


6  tih  hmr  rs  ok  m  i.i.  oonstkxints  on  tiik  i’vitkkn 


it  is  clear  that  fi  n  an1  the  antenna  patt.  rn  t..  zero  at  certain  directions  does 
affect  tile  pattern  over  the  entire  angular  region,  and  the  extent  of  these  effects 
is  a  matter  of  pra  rt  i  ea  I  as  well  .as  ttieoret  i  <  a  I  i  nt  e  rest .  lhe  fol  low  ing  two  meas¬ 
ures  for  the  difference  between  the  quiescent  and  the  constrained  pattern  seem 
natural: 

1.  Pattern  change  r  i  J  |p  -  j>.(  |  du.  This  overall  measure  is  relevant 
for  shaped  beam  patterns  or  for  patterns  described  over  the  entire  angular  sector 
Gain  cost  (  Ci  (u,  )  -  G  (u,  1.  which  is  the  reduction  in  directivity  in  the 

g  o  i  a  f 

look  direction  and  is  of  interest,  particularly  for  pencil  beams, 

Itv  definition,  the  pattern  change  c  is  minimt/eu  t>v  the  constrained  solution  p  . 
However,  it  is  a  happv  eoineidenee  that  the  gain  cost  r  is  minimized  simultane- 
>usl>,  as  discussed  in  Section  4. 

The  pattern  change  mav  he  written  using  I'.q.  (IS)  together  w  ith  Kqs.  (4)  and 


l  he  last  term  in  l.q.  (tit)  can  he  concisely  expressed'  as  the  ratio  of  two  Gr: 
life  cm  inant  s,  leading  to 


(,,'l . 'lU-V 


I  h*  .I'l  v.mf  .i  t;*'  •  -f  Uiim  r"t  r  >  pr  i  m.i  t  1 1  v  t  h;it  tin-  i-xplu  it  «;  1 1  *  ul;it  t.  .n  ■  -  f  f  hi*  rurffi  - 
•  Ml  1 ,»  »  IS  i  Vi  •  i‘!«-  I  ,inr  |  ,J  Is,  1*1  ft  t  • ,  I  niiMl  S  :uv  i  « *.i  \  \  1  v  •  1 1i;»  f  «**!  bv  n  •f'ini,:  .  *• 


can 


A  simple  estimate  for  e  in  is  obtained  when  the  constraint  vectors  ym 
be  considered  to  be  orthogonal.  This  is  true  whenever  the  jammers  are  spread 
an  odd  multiple  of  tr/N  apart  and  is  approximately  true  as  soon  as  the  jammers 
are  more  than  a  beamwidth  apart.  Stated  mathematically,  the  condition  is 

(y  ,  y  )  «  117  Illl7  I!  m  *  n  (40) 

■'m’-'n  -m  -n 

In  this  case  the  vectors  {v"ln  after  normalization  by  tiy"  II  -  form  an  ortho¬ 
normal  basis  for  the  subspace  Y,  and  thus  we  find 

-  „2  1 

£  I  \  1  ^  Ty 

min  -  o  X 

Equation  (41)  for  e  seems  reasonable  since  (1)  the  cancellation  beams,  which 
nnn 

are  superimposed  on  p  )  to  produce  the  nulls,  are  proportional  to  pn(uffl),  and 
(2)  the  beamwidth  of  the  cancellation  beams  and  therefore  their  power  content  is 
inversely  proportional  to  N. 

For  the  gain  cost  we  obtain,  using  Eqs.  (15)  and  (12),  the  alternative 
expressions 
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(42) 


For  the  particular  case  where  the  quiescent  excitation  x  xf ,  corresponding  to  a 


quiescent  sine-pattern  pointed  at  uf,  Eq.  (42)  simplifies  to  e 


v  i'2  wi.ich  is 
■  o 

seen  to  be  equivalent  to  the  pattern  change  e  as  given  by  Eq.  (38).  In  this  case, 
therefore,  minimizing  the  pattern  change  simultaneously  minimizes  the  gain  cost. 

An  estimate  for  c  can  he  obtained  when  the  constraint  vectors  are  approxi¬ 
mately  orthogonal  again.  Assuming  a  highly  directive  quiescent  pattern  and  setting 
for-  simplicity  u ^  0,  it  is  easily  shown  from  Eq.  (42)  that 
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7.  SI  MMARY  AND  CONCLUSION 


W e  have  extended  the  general  method  of  Gaussian  antenna  pattern  synthesis' 
to  include  null  constraints  on  the  pattern  and  its  derivatives.  The  problem  has 
been  posed  as  a  constrained  approximation  problem  and  an  exact  solution  has  been 
obtained.  The  relation  to  other  known  methods  to  achieve  pattern  nulls  under 
mathematically  well-defined  conditions  has  been  discussed. 

For  a  linear  uniform  array  we  have  shown  that,  with  M  interference  sources, 
the  constrained  pattern  is  the  sum  of  the  quiescent  pattern  and  M  weighted  sine- 
beams.  Each  beam  points  exactly  at  the  corresponding  interference  source, 
irrespective  of  its  relative  location.  In  addition,  we  have  derived  simple  quanti¬ 
tative  expressions  for  the  pattern  change  and  the  gain  cost  associated  with  the 
forced  pattern  nulls. 

Finally,  it  is  worth  noting  that  we  have  formulated  the  constrained  pattern 
synthesis  method  in  quite  general  terms,  involving  only  the  excitation  at  the 
antenna  input  ports  and  the  radiated  beam  patterns.  The  antenna  therefore  may 
include  any  desired  linear  passive  beamforming  network.  It  is  hoped  that  this 
approach  can  further  contribute  to  an  understand ing  of  the  role  played  by  the 
antenna  in  an  adaptive  nulling  system. 
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Appendix  A 

The  General  Antenna 


The  synthesis  method  presented  above  can  be  generalized  to  an  antenna  with 
an  arbitrary  food  network,  such  as  shown  in  Figure  Al.  Applying  a  complex 
excitation  at  the  nth  beamport  gives  rise  to  a  radiated  field  distribution  x^f^iu), 
where  fn<u)  is  the  far-field  pattern  and  u  the  angular  variable.  The  general 
pattern  thus  is 

N 

P<u)  Z  xnfn<u)  CA1> 

1 


and  our  synthesis  problem  consists  in  finding  a  pattern  p^(u)  such  that 
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i  J  |pQ(u)  -  (u) |  2  w(u)  du 

-1 


minimum 


p  (u  1-0 
'a  m 
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(A  2a) 


(A  2b) 


where  the  quiescent  pattern  p  (u)  and  the  weighting  function  \v(u)  are  given.  The 

<  ) 

latter  function  can  be  used  to  assign  more  relative  importance  to  a  specific  angular 
sector  by  weighting  it  more  heavily,  for  instance. 
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These  equations  are  the  same  as  for  the  uniform  array,  but  now  the  constraint 
vectors  Eq.  (AH)  are  expressed  in  terms  of  the  general  beam  patterns  f  (u) 
instead  of  the  functions  e  1,1111  used  earlier. 

The  cancellation  beams  thus  become 

\ 

q  (u)  Y  I'  (u  )*f  (u)  m  1  ...  Al  (All) 

Un  ^  n  m  n 

ii  1 

and  the  pattern 

M 

pa(u)  Po(u)  -  i-  7  nmqm(u)  .  (A  12) 

1 

We  note  that  the  shape  of  the  cancellation  beams  no  longer  is  independent  of  the 

iammer  direction  u  .  as  it  was  for  the  simple  arrav  antenna, 
m’ 


